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We study quantum dots defined by external potentials within finite flakes of bilayer graphene
using the tight-binding approach. We find that in the limit of large flakes containing zigzag edges
the dot-localized energy levels appear within the energy continuum formed by extended states. In
consequence no ionization threshold for the carriers contained within the dot exists. For smaller
flakes with zigzag boundaries the dot-localized energy levels appear interlaced with the energy levels
outside the flake, so in a charging experiment the electrons will be added alternately to the dot area
and to its neighborhood. We demonstrate that for flakes with armchair boundaries only, an energy
window accessible uniquely to the dot-localized states is formed. Then a number of electrons can
be added to the dot before the external states start to be occupied. We also discuss coupling of
the dot-localized states to the edge-states in the context of the valley degeneracy lifting. Moreover,
we extract smooth envelope wave functions from the tight binding solution and discuss their spatial
symmetries. The coupling of the dot localized energy levels with reconstructed zigzag edges and
atomic vacancies present within the layers is also considered.
I. INTRODUCTION
Graphene1 quantum dots2–4 are generally considered
attractive candidates for quantum information storage
and processing using spins of confined electrons3,4 be-
cause of their negligible hyperfine interaction with the
carbon lattice.4 Due to the gapless and linear form of the
graphene band structure near the K points of the Bril-
louin zone,5 electrons behave like relativistic Dirac par-
ticles, and as such evade confinement by purely electro-
static means with transfer probability equal to 1 for the
normal incidence of the electron to the potential step.6
The spatial confinement is naturally present in small
graphene flakes which thus can serve as quantum dots.2
However, for small flakes of graphene the properties of the
electron states near the Fermi energy are largely deter-
mined by the form of the boundary,8–11 which is rather
hard to be precisely controlled. The continuum model
predicts7 formation of localized states within the energy
continuum in infinite layers of graphene for rotationally
invariant potentials and non-zero angular momenta, for
which the electron current is never at a normal incidence
to the edge of the dot area.
Electrostatic confinement that should allow for fabrica-
tion of controllable devices with reproducible properties
can be formed in bilayer graphene12 with external electric
fields that introduce inversion asymmetry between the
layers and open an energy gap in the band structure.13
In particular, the existence of stable-localized-states in
bilayer graphene quantum dots14,15 was demonstrated.
The idea for electrostatic confinement in bilayer
graphene was recently exploited in experimental
setups,16–18 in which charging of the quantum dot was
studied. For small flakes (85 nm × 50 nm as in Ref. 16
for instance) the coupling of the confined states to the
edges or charging of the edge instead of the intentionally
defined quantum dot can be expected. The present paper
investigates this issue.
We consider a finite flake of Bernal stacked bilayer
graphene with a quantum dot defined in its inside and
edges of a zigzag and/or armchair form. Since the study
requires a careful description of the boundaries we use
the tight-binding Hamiltonian12 instead of its continuous
low-energy approximation.14 We account for the dots di-
ameter up to 50 nm and the flakes of areas up to 80× 80
nm2. We find that when the flake contains zigzag edges
the localized states within the quantum dots are not sep-
arated by any energy gap from the external ones and
evidence of coupling between these states is found in the
energy spectra. For the flake containing the armchair
edges only the bound states are separated from the de-
localized ones by a distinct energy gap. In this case a
finite ionization threshold exists, i.e. a finite energy that
is required to remove the electron from the dot, like for
quantum dots in bulk 3D semiconductors. We find that
the coupling to the edges lifts the valley degeneracy of
the dot-localized states. We also extract the smooth en-
velope functions from the rapidly varying tight-binding
solutions near the Fermi energy, and compare the sym-
metries of the calculated wave functions with the ones
expected for the Dirac Hamiltonian of the continuum ap-
proximation for circular potentials and infinite graphene
plane.14
II. THEORY
We consider the tight-binding Hamiltonian12
H =
∑
i 6=j
tij(c
†
i cj + h.c.) +
∑
i
Wic
†
i ci, (1)
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2FIG. 1. Schematics of the considered bilayer system. An
opposite potential is applied to the two layers outside the
circular central region which forms a quantum dot of radius
R. The plot at the right shows the potential profile in function
of the distance from the center of the dot for the upper (red
curve) and lower (green curve) layers.
FIG. 2. The carbon lattice for the rectangular flake of bilayer
graphene in Bernal stacking (solid lines correspond to the up-
per layer, dashed lines to the lower). The layers are composed
of two sublattices A (red), and B (green). Subblatice B of
the upper layer (2B) couples to subblatice A of the lower
layer (1A). Lz =
√
3Nza, and Lar =
3
2
aNar are the length
of the zigzag and armchair edges, with the lattice constant
a = 0.142 nm. The total number of atoms within the flake is
2(2Nz + 1)Nar, where Nz and Nar are the numbers of atoms
at the zigzag and armchair edges.
where c†i (ci) is the particle creation (annihilation) op-
erator at ion i, and tij is the nearest neighbor hopping
parameter, with tij = −2.7 eV for neighbors within the
same layer (see Fig. 2) and tij = −0.3 eV for stacked
pairs of ions of the two layers.12 The potential at the
atom i is considered of a step-like circular form
Wi = W (ri) =
 0 for |ri| < RV upper layer for |ri| ≥ R−V lower layer for |ri| ≥ R , (2)
where R is the radius of the dot (see Fig. 1). We have
chosen for presentation the step-like confinement as most
convenient for discussion of the localized versus delocal-
ized states. Nevertheless, we have checked that the prop-
erties discussed below remain qualitatively the same for
smooth potentials. We do not consider the electron spin
in this work, hence when in the discussion we state that
an eigenstate of Eq. (1) is a non-degenerate (two-fold
degenerate), it implies a two-fold (four-fold) degeneracy
including the spin degree of freedom. The tight-binding
approach applied here has been previously used for anal-
ysis of the spectra of graphene quantum dots including
the statistics of energy levels far from the charge neu-
trality point,19 which are outside the applicability of the
low-energy Dirac Hamiltonian.
Formation of electrostatic confinement in bilayer
graphene can be induced on either electrons or holes also
when the spatially modulated external potential is ap-
plied to one of the layers only with the other kept at a
constant potential.14 In this work we assume that op-
posite potentials are applied to the two layers which al-
lows for conservation of the electron-hole symmetry for
carefully chosen shape of the flake. In experiments with
bilayer graphene the potential within the two layers is
routinely applied in an independent manner,20 to control
both the width of the electric-field induced energy gap
and its position with respect to the Fermi energy. Fabri-
cation of split bottom gates for graphene nanostructures
has recently been demonstrated in Ref. 21.
Figure 2 shows the atomic structure of a rectangular
flake within which the dot is defined by external voltages.
We assume the Bernal stacking and that the left and
right boundaries of the flake are armchair edges aligned
vertically. The edges at the top and bottom ends of the
flake are zigzag edges with dangling vertical bonds. For
the assumed form of the flake with equal areas of the
layers and the adopted relative shift between them the
electron-hole asymmetry which usually appears in bilayer
graphene22 is absent and the energy spectra are perfectly
symmetric with respect to the Fermi energy level (E =
0).
III. RESULTS AND DISCUSSION
A. Rectangular flake with zigzag and armchair
edges
The energy spectrum calculated for the dot of radius
R = 5 nm defined on a rectangular flake of Fig. 2 is
displayed in Fig. 3. For V = 0 a degenerate energy
level of zero energy is observed. This is a characteris-
tic signature of the zigzag edges.2–4,8 When V increases,
energy levels which are totally localized at these edges
follow E = ±V dependence, with +V (−V ) on the dan-
gling zigzag edge of the upper (lower) layer. With the
red (grey) color we plotted in Fig. 3 the energy levels
which are localized inside (outside) the dot. In order to
distinguish between the two, we calculate the probability
of finding the electron closer to the dot center than 1.2R
and when it exceeds 60% we conclude that the state is
dot-localized. For the smallest flake [Fig. 3(a)] localiza-
tion of the energy level changes several times for a single
level as V increases which indicates a strong coupling be-
3FIG. 3. Energy spectrum for a dot of radius R = 5 nm defined within the center of a rectangular flake of Fig. 2 as a function
of the potential step V for a) Nz = 60, Nar = 70 (14.76 nm × 14.91 nm), b) Nz = 118, Nar = 138 (29.02 nm × 29.39 nm), c)
Nz = 166, Nar = 190 (40.83 nm × 40.47 nm), d) Nz = 200, Nar = 70 (49.19 nm × 14.91 nm), e) Nz = 60, Nar = 200 (14.76
nm × 42.6 nm). With the red (grey) color we plot the energy levels of states which are localized within (outside) the dot. The
inset shows schematically the geometry the flake versus the size of the dot. The letters in (c) indicate the energy levels whose
wave functions are plotted in the corresponding panels of Fig. 5.
tween the dot and its outside. For the flake of the side
length equal to 4R [Fig. 3(c)] the dot-localized energy
levels acquire a continuous identity. Moreover, we can
see that the dot-localized states tend towards a two-fold
degeneracy for larger size of the flake. In the contin-
uum approach with the infinite graphene plane this cor-
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FIG. 4. A single layer of graphene. The open circles (full
symbols) indicate B (A) sublattice. Within A sublattice we
select three columns of atoms on lines parallel to the armchair
boundaries. The selection is performed for discussion of wave
functions of energy levels near the zero energy.
responds to the valley degeneracy1 which is lifted in the
tight-binding approach for a finite flake (see the discus-
sion below). The avoided crossings between the dot and
the edge-localized states can still be observed in [Fig.
3(c)] which indicates a presence of the tunnel coupling
between the dot and the zigzag edge. Note, that the dis-
tance between the dot and the edge is now as large as 3R,
and still the coupling is observed. Figure 3 shows that
the density of the delocalized states near E = 0 increases
with increasing size of the flake. A continuum of delo-
calized states should be expected for the infinite flake,
so that the dot-localized states appear within the contin-
uum and are not separated by any energy gap from the
delocalized states in contrast to quantum dots defined in
bulk semiconductors.23
B. Symmetries of localized wave functions states
Let us discuss the symmetries of wave functions and lo-
calization of energy levels for the large flake of Fig. 3(c).
The tight-binding method produces amplitudes of wave
functions at the atomic sites. The wave functions near
zero energy vary very fast from site to site, which makes
the analysis of wave functions a rather cumbersome task
as compared to the continuum approach8 that produces a
smooth envelope with the rapid variation delegated to the
Bloch functions. Nevertheless, we found that the symme-
tries of the smooth envelope can still be extracted from
the tight-binding wave functions, since the latter near
zero energy turn out to oscillate on lines of atomic sites
that are parallel to the armchair boundary. We select
these lines as sub-sublattices in a way that is explained
in Fig. 4.
Figure 5 shows the wave functions on the correspond-
ing sub-sublattices for V = 0.5 eV and 6 energy levels
selected in Fig. 3(c). Figures 5(a) and (b) correspond to
the two lowest-energy nearly degenerate quantum-dot-
localized energy levels [Fig. 3(c)]. The corresponding
components of both wave functions oscillate in function
of the angle in the same way. In the continuum approach
for an infinite graphene layer each of the confined energy
levels is two-fold degenerate with respect to the valley.14
Each of the degenerate energy levels correspond to the
same angular symmetries.14 In the present results the
valley degeneracy is lifted by the edge, but both the
wave functions preserve the same symmetries. In the
continuum approach, for the low-energy effective Hamil-
tonian with circular confinement14 each of these wave
function components possess a definite angular momen-
tum. Subsequent wave functions corresponding to 2A,
2B, 1A, 1B sublattices are described by angular wave
functions of form exp(i(m − 1)φ), exp(imφ), exp(imφ),
exp(i(m+ 1)φ), respectively, with the same angular mo-
mentum in the sublattices forming the interlayer bonds
2B-1A.14 We can see that the real parts of the wave func-
tions components of Fig. 5(a,b) behave exactly as should
be expected for the quantum number m = 1. This behav-
ior is quite remarkable taking into account that the circu-
lar external potential is superposed on hexagonal lattices
of the layers. The form of the Dirac Hamiltonian of the
continuum approach for rotationally symmetric poten-
tials implies that E(m) = −E(−m). This feature is also
found in the tight-binding solution – see the plot for the
energy level c which is the inverse of energy level a, and
its wave function [Fig. 5(c)] clearly indicates m = −1.
Note, that the dot-localized states for electrons (E > 0),
and for holes (E < 0) are mainly localized within 2A and
1B sublattices, respectively.
Figures 5(e) and (f) show the two wave functions of
energy levels that are the closest to E = 0 in Fig. 3(c)
for V = 500 meV. We can see that they correspond to the
zigzag edges – the one which grows (decreases) in energy
with the upper (lower) zigzag edge. These energy levels
are evenly distributed on the two-layers of the flake / the
four sublattices of Fig. 5 and penetrate in the inside of
the dot, hence the avoided crossings observed in Fig. 3.
As presented above the wave functions for states of en-
ergies close to the Fermi energy turn to change smoothly
on three sub-sublattices selected as explained in Fig. 4.
This finding deserves a short comment. For a single infi-
nite plane of graphene one can attribute a definite wave
vector k to the Hamiltonian eigenstates
|ψk〉 = 1√
N
∑
R
exp (i~k ~R)|R〉, (3)
where |R〉 stands for the electron pz orbital at the R
ion. The wave function can be separated into components
spanned by A and B sublattices
|ψk〉 = |ψk〉A + |ψk〉B (4)
5FIG. 5. Real parts of wave functions of energy levels presented in Fig. 3(c) for V = 500 meV. Pannels (a-f) correspond to
energy levels indicated by same letter in Fig. 3(c). In each plot the rows from top to bottom correspond to: sub-lattice A in
the upper layer (2A), sub-lattice B in the upper layer (2B), sublattice A in the lower layer (1A) and sublattice B in the lower
layer (1B). The columns in each of the plots correspond to different sub-sublattices selected as in Fig. 4 to remove the rapid
oscillation from the plot. For continuous approximation and rotational symmetry14 the components of wave functions are of
form cos((m − 1)φ), cos((m)φ), cos((m)φ), cos((m + 1)φ) up to a phase for sublattices 2A, 2B, 1A, and 1B, respectively, with
m – an integer quantum number. Plots a), b), c), and d) correspond to m = 1, m = 1, m = −1, and m = 2, respectively.
For illustration a contribution from atomic site i was taken with a finite spatial extension assumed with by a Gaussian
exp(−|r− ri|2/σ2), where σ = 0.47 nm is more or less the distance between the nearest atoms of the same sub-sublattice. The
color scale is the same in each of the plots.
Consider next the |ψk〉A component. All positions of the
ions of the A sublattice are generated by the lattice basis
vectors
~a1 = (−
√
3
2
,
3
2
)a ~a2 = (
√
3
2
,
3
2
)a, (5)
~RA ≡ |n,m〉 = n~a1 + m~a2, where n and m are integers.
The lowest energy states are associated with K and K ′
points at the Dirac cones of the reciprocal space1
~K = (
4pi
3
√
3a
, 0) ~K ′ = −( 4pi
3
√
3a
, 0). (6)
Inserting coordinates of the two valleys into the wave
function
|ψK(K′)〉A = 1√
N
∑
n,m
exp ((−)2pii
3
(m− n))|n,m〉. (7)
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FIG. 6. Energy spectrum for a dot of depth V = 200 meV
defined within the center of a large rectangular flake (Nz =
324, Nar = 380 (79.69 nm × 80.94 nm) in function of dot
radius. The red (gray) curves correspond to energy levels
inside (outside) the dot.
FIG. 7. Same as Fig. 2 only for a triangular flake with bound-
aries formed uniquely by armchair edges. The two layers are
shifted in the horizontal direction on the plot.
The amplitude which accounts for the ion |n,m〉 contri-
bution to the wave function exp ((−) 2pii3 (m− n)) takes
on three different values, which are equal on each of the
sub-sublattices depicted by color symbols of Fig. 4. In
the present case – with a finite size of the flake and mod-
ulated potential – the wave vector is not a strictly good
quantum number and we obtain a smooth variation of
the amplitudes instead their constant values on the sub-
sublattices.
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FIG. 8. Same as Fig. 3 for a triangular flake [Fig. 7 with
armchair edges only] with side length Lar = 25.56, 38.34 and
46.86 nm, respectively, and dot of radius R = 5nm.
C. Lifted valley degeneracy for dot-localized states
The continuum low-energy approximation of the tight-
binding Hamiltonian for an infinite sheet of graphene14
predicts double degeneracy of each dot-localized energy
level with respect to valley. The results of Fig. 3 in-
dicate that: a) the delocalized states in Fig. 3 are not
degenerate; b) the dot-localized energy levels tend to-
ward degeneracy only when the dot is defined within a
7FIG. 9. Same as Fig. 8(b) only without the dot inside the
flake (R = 0). The energy levels are plotted with varied
shades of gray depending on the distribution of the wave
functions between the layers. We calculate the probability
of finding the electron on the two layers, next we calculate
c = ( s
l
)4, where s and l stand for smaller and larger proba-
bilities respectively. The value of c = 1 (c = 0) corresponds
to the black (white) color.
larger flake. The possible reasons for lifting the valley
degeneracy of the dot-localized energy levels are: i) prox-
imity of the armchair edges which are known to couple
the valleys in the single-layer graphene;24 ii) the zigzag
dangling bonds: for a single-layer graphene the zigzag
edges do not introduce the intervalley mixing, but here
on each of the two layers the flake terminates on atoms
of a different sublattice [see Fig. 1]. The contribution
of ii) in lifting the degeneracy is quite evident in Fig.
3(c): see the lowest couple of dot-localized energy levels
near V = 0.25 eV. Only one of these levels enters into an
avoided crossing with an energy level that is associated
with the zigzag edge, hence the lifting of the degener-
acy within the regions of the avoided crossing, which are
wider for smaller flakes. The significance of i) is not as
evident: near E = 0 no energy levels associated with the
armchair edge appear.
In order to explain the role of the separate types of
edges in lifting the valley degeneracy of the dot-localized
states we performed calculations for a strongly elongated
rectangular flakes. We kept one of the sides of the small
flake of Fig. 3(a) and increased the other one. In this
way one or the other type of the edge becomes more
strongly coupled with the dot localized states. The re-
sults are displayed in Fig. 3(d) and Fig. 3(e), for flake di-
mensions 49.19 nm ×14.91 nm, and 14.76 nm ×42.6 nm,
respectively. We can see that for the flake extended hori-
zontally, the number of states associated with the zigzag
edge in the considered energy range increases. A larger
number of zigzag states couples to the dot-localized ones,
which are in this way destabilized due to the avoided
crossings which now appear continuously with V . The
avoided crossings with the zigzag edge are distinctly lim-
ited when the edge is pushed further away from the dot:
see Fig. 3(e). In this case the distance to the zigzag
edge is as large as in Fig. 3(c), only the armchair edge
is closer. We can see that the two-fold degeneracy of
the dot-localized states is more distinctly lifted in Fig.
3(e) as compared with Fig. 3(c). This is an evidence
that proximity of the armchair edges also contributes to
lifting the valley degeneracy of the dot-localized states.
D. Spectrum versus dot radius (R) for a large
rectangular flake
Let us now consider a very large flake of a side length
of 80 nm and consider the energy spectrum in function of
the dot size (see Fig. 6). We find that: i) the energies of
dot-localized states decrease as 1/R2 in agreement with
the Dirac calculations14; ii) the states localized outside
the dot – which in this energy range corresponds to the
states localized at the zigzag dangling edges – are com-
pletely insensitive to the size of the dot; iii) the avoided
crossings between the dot and the edge are not resolved
at this scale; iv) the valley degeneracy of the dot-localized
states is nearly exact at this size of the flake. We find
that the dot-localized valley-degenerate wave functions
near R = 20 nm very well follow the m quantum number
description. The dot-localized energy levels for E > 0 fol-
low the sequence: m = 1, 2, 3, 0, 4, 5,−1, 1 in the growing
energy order.
E. Triangular flake with armchair edges only
In quest for the energy gap between the dot-localized
and delocalized states we considered a flake with no
zigzag boundaries. A triangular flake with armchair
edges like the one of Fig. 7 was assumed. The two layers
were shifted in the horizontal direction, so that both the
layers include an equal number of dangling atoms. This
allows for a perfect electron-hole symmetry in the spec-
trum. For a general shift this is not necessarily the case.
The energy spectrum calculated for triangular flakes is
displayed in Fig. 8. We find a number of dot-localized
states which are separated from the delocalized ones by
a distinct energy gap. However, the number of dot-
localized states is rather low – in Fig. 8(c) we find 4 levels
at maximum (the number depends on V ). Including the
spin degree of freedom, at most 8 first electrons added
to the system will occupy the quantum dot. For larger
electron numbers the external states or the dot-localized
ones will become occupied alternately. Surprisingly, the
energy threshold for the ionization of the electron from
the ground state is a non-monotonic function of the po-
tential step V . Moreover, the energy edge of the external
states does not increase with the size of the triangle – see
Fig. 8(b) and (c) for V = 2 eV.
In order to inspect the peculiar properties of the en-
ergy gap in function of the interlayer voltage drop we
8considered the case of R = 0 (no dot) within the trian-
gular flake, with a constant ±V potential on both the
layers. The energy levels are depicted in Fig. 9. The six
energy levels closest to the neutrality point E = 0 are
localized at the upper corner of the triangle – see Fig.
7. The dense series of energy levels that are observed in
Fig. 9 and Fig. 8 further away from E = 0 are localized
at the left and right edges of the triangle of Fig. 7, where
the dangling bonds appear due to the horizontal shift of
the layers. The energy levels for E < 0 (E > 0) are lo-
calized at the left (right) edge where the upper (lower)
layer is dangling. The wave functions of all the three lay-
ers are almost equally distributed between the layers but
for E < 0 (E > 0) most of the wave functions stick to
the upper (lower) – dangling edge. Since the potential at
the upper (lower) edge increases (decreases) with V , we
obtain the energy increase and hence the lowering of the
gap with the increasing bias.
In Fig. 8 we notice, that the valley degeneracy of the
dot-localized states is restored when the size of the tri-
angle increases. Note, that now we have uniquely the
armchair edges, so the valley mixing by this edge24 is
fully responsible for the lifted degeneracy. Moreover –
when we compare Fig. 8(c) and Fig. 3(c) – for large
flakes of rectangular and triangular geometries – we can
see that the dot-localized states form the same pattern.
Only, the avoided crossings with states extending from
the zigzag edges – visible for the rectangular flake – are
no longer present for the triangular flake.
F. Vacancies versus the dot-localized energy levels
We have seen that the zigzag edges mix the dot-
localized states with the states in the rest of the flake.
A natural question arises whether the atomic size defects
would introduce a similar mixing. In order to answer this
question we introduced the vacancies to the system con-
sidered in the triangular flake of Fig. 8(b) with armchair
external edges. The spectrum with a single vacancy in-
troduced to each of the layers outside the dot is displayed
in Fig. 10(a). The vacancies introduce two energy levels
at E = 0 in the absence of the bias. We assumed a miss-
ing atom of the 2B sublattice of the upper layer and a
missing atom of the 1B sublattice of the lower layer. The
vacancy energy level of the lower layer which falls for in-
creasing V enters into an avoided crossing with the dot
localized energy level near V ' 0.2 eV and thus lifts the
electron-hole symmetry. The energy level associated with
removed 2B sublattice atom changes much strongly with
V , since the vacancy lifts the interlayer coupling. We can
see that in contrast to the zig-zag edge the vacancies do
not form a quasi-continuous set of delocalized energy lev-
els. In Fig. 10(b) we introduced a third vacancy inside
the dot area in the lower graphene layer. This vacancy
gives rise to an extra energy level E ' −4 meV localized
inside the dot with no further consequences to the rest
of the spectrum.
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FIG. 10. Same as Fig. 8(b) only with (a) a single vacancy on
both the layers outside the dot (b) and with the third vacancy
introduced to the lower layer inside the dot.
G. Absence of the interlayer coupling
The results presented above indicate that for large bi-
layer flakes containing zigzag edges the dot-localized and
extended states appear in the same energy range. It does
not imply that the idea for electrostatic confinement in
bilayer graphene does not work. In Fig. 11 we showed
the energy spectrum of the system of Fig. 8(b) with ne-
glected interlayer coupling. We have now a spatial modu-
lation of the potential with the quantum well in the upper
layer and a central antidot region in the lower layer. We
have found that all the energy levels in the range shown
in Fig. 11 are localized outside both the well and the an-
tidot, hence the linear behavior of the energy levels with
V . This figure indicates no confinement induced by the
potentia modulation within a single layer of graphene,
a fact which is usually attributed to the Klein theorem.
Comparing Fig. 11 with the energy spectra given above
we can see that the bilayer system with interlayer cou-
pling supports the bound states inside the electrostatic
dot even when the bound states appear within the quasi
9continuum of delocalized energy levels.
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FIG. 11. Same as Fig. 8(b) only with neglected coupling
between the graphene layers. The blue (black) energy levels
correspond to states in the lower (upper) layer.
H. Flakes with reconstructed edges
Reference 25 indicated that the hexagonal structure of
graphene is unstable near the edges with respect to for-
mation of so called zz(57) or reczag edge with pentagons
and heptagons placed alternatively along the boundary
of the flake. We considered a rectangular flake that is
depicted in Fig. 12 with dangling reczag edges replacing
the zigzag edges of Fig. 2. The tight-binding param-
eters for the carbon atoms entering the pentagon and
heptagon cells were determined in Ref. 26. We use these
parameters for our calculation. The calculated spectrum
for the dot of radius R = 5 nm, Lz = 28.77 nm, and
Lar = 29.39 nm is presented in Fig. 13. The energy
levels corresponding to the reconstructed edge at V = 0
appear degenerate below the neutrality point. As V is
introduced the degeneracy is lifted. We observe a series
of energy levels which increase linearly with V . These
energy levels correspond to the reczag edge on the up-
per layer of the flake. Besides this series the spectrum is
qualitatively similar to the case of the zigzag edges of Fig.
3(b) with the exception of the electron-hole asymmetry
which is introduced by the reczag edge.
IV. SUMMARY AND CONCLUSIONS
We performed a tight-binding analysis of quantum dots
defined by external potentials within bilayer graphene
flakes of a finite size. We discussed localization of charge
carriers within the dot, the coupling of the dot to the
zigzag and armchair edges and the energy separation
between the dot-localized states and the states local-
ized outside the dot. We extracted smooth envelope
arL
zL
FIG. 12. Same as Fig. 2 only with reconstructed edges re-
placing the zigzag ones.
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FIG. 13. Energy spectrum for a dot of radius R = 5 nm
defined within the center of a rectangular flake with reczag
edges of Fig. 12 as a function of the potential step V for
Nz = 117, Nar = 138 (Lz = 28.77 nm, Lar = 29.39 nm. With
the red (grey) color we plot the energy levels of states which
are localized within (outside) the dot. For the corresponding
spectrum with hexagonal zigzag edge see: Fig. 3(b).
wave functions from the tight-binding eigenstates near
the Fermi energy, which allowed us to discuss the angu-
lar symmetries of the confined states. We found a close
correspondence to the symmetry properties of the con-
tinuous Dirac approximation of the tight-binding Hamil-
tonian.
In presence of the zigzag boundary we found a number
of dot-localized energy levels that are crossed or avoided
crossed by energy levels of states extending from the
zigzag edges. The latter distinctly tend to form a contin-
uum for large flakes of bilayer graphene. In this case the
carriers can be removed from the dot at no energy ex-
pense. For finite flakes the states outside the dot are dis-
crete, and the electrons when added to the system in the
charging experiments will occupy alternatively the dot or
the external area of the flake. For a flake with uniquely
armchair edges we found that the dot-localized energy
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levels appear within an energy window which is inac-
cessible to the external states. In this case the graphene
dot will possess the properties similar to the conventional
quantum dots of bulk semiconductors, i.e. a finite en-
ergy will be required to remove the electron or the hole
from the dot. Surprisingly, the energy window for the
dot-localized states decreases at large depths of the con-
finement potential.
We discussed the valley degeneracy of the dot-localized
state which is only found for large distance between the
dot and the edges of the flake. We found that the prox-
imity of the armchair edges lifts the valley degeneracy of
dot-localized states in a manner independent of the depth
of confinement potential. On the other hand the states
extending from the zigzag boundaries – which are not
valley degenerate – lift the valley degeneracy of the con-
fined energy levels entering into avoided crossings with
one of the pairs of the dot-localized energy levels.
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